In this note, a class of error-correcting codes is associated to a toric variety defined over a finite field F q , analogous to the class of AG codes associated to a curve. For small q, many of these codes have parameters beating the Gilbert-Varshamov bound. In fact, using toric codes, we construct a (n, k, d) = (49, 11, 28) code over F 8 , which is better than any other known code listed in Brouwer's tables for that n, k and q. We give upper and lower bounds on the minimum distance. We conclude with a discussion of some decoding methods. Many examples are given throughout.
Introduction
Let F = F q denote the finite field with q elements. A q-ary code is a short exact sequence of vector spaces
We identify C with its image under γ . Since the sequence (1) is exact, a vector v ∈ F n is a codeword if and only if θ(v) = 0. If F n is given the usual standard vector space basis then the matrix of γ is the generating matrix of C and the matrix of θ is the parity check matrix of C. Denote the dimension of C by k = dim F q (C) and the minimum distance of C by d = d(C). In this paper, we shall use toric varieties to construct q-ary codes. Such "toric codes" can yield codes with good parameters (n, k, d). Indeed, we construct a toric code which has, for n = 49, k = 11 and q = 8, a larger value of d than any known previously. For small q, many of these codes have parameters beating the Gilbert-Varshamov bound. By relating toric codes to Reed-Muller codes, we can give upper and lower bounds on the minimum distance. Using techniques from algebraic geometry [14] , we can give a conjectural lower bound on the minimum distance.
We begin with a related example.
., x m ] denote the vector space of polynomials in m variables over F having degree ≤ . Let F m = {p 1 ,..., p n } be some indexing of all the points in F m , so that n = q m . Let C denote the code
This code is called the Reed-Muller code, denoted R( , m, q), investigated in this polynomial form in [2] . In general, the length n, dimension k, and minimum distance d are known exactly for RM codes: If = a(q − 1) + b, where 1 ≤ b ≤ q − 1, and if 0 ≤ ≤ m, then n = q m ,
and d = (q − b)q m−a−1 . For this, see for example [2] or [19] , ch 13, §3. It is worth noting that there are "easily" constructed functions in R of minimum weight ( [2] or page 920 in [8] ). For example, let m = 2 and = 5. Then a basis for R is given by the monomials {x e 1 1 x e 2 2 | 0 ≤ e 1 + e 2 ≤ 5}. We can plot the exponents (e 1 , e 2 ) of these monomials. It is a triangle with vertices (0, 0), (5, 0), (0, 5). If q is "large" then the number of lattice points in this triangle is the dimension of C.
The toric codes discussed in this paper are all subcodes of a Reed-Muller code. They are associated to a complete non-singular r-dimensional toric variety X, provided with a dense torus T → X, defined over F, and a T -invariant divisor G. By analogy, a toric code is obtained by replacing the triangle above by a certain type of convex polytope in R r and replacing all the points in F m by a suitable subset of the F-rational points in X (often times but not always by those F-rational points of T , T (F)).
The toric codes commands needed to do the constructions described here are already implemented in GAP's coding theory package GUAVA version 1.7 or higher [7] . More extensive toric variety constructions are implemented in [20] and [6] , using the toric package [15] .
Hansen Codes
We recall briefly codes associated to a toric surface, constructed by J. Hansen [9] . As a general matter, all varieties are non-singular, unless stated otherwise.
When there is no danger, we often identify a variety X defined over an algebraically closed field k with its set of rational points X(k).
Let F = F q and let F denote a separable algebraic closure. Let L be a lattice in Q 2 generated by v 1 , v 2 ∈ Z 2 , P a polytope in Q 2 , and X(P ) the associated toric surface. Let L = Z 2 .
There is a dense embedding of GL(1) × GL(1) into X(P ) given as fol- 1 1 t m 2 2 ) and let e( ) : T L → F be defined by e( )(t) = t ( ), for t ∈ T L and ∈ L.
Impose an ordering on the set T L (F) (changing the ordering leads to an equivalent code). Define the code C = C P ⊂ F n to be the linear code generated by the vectors
where n = (q −1) 2 . In some special cases, the dimension of C and its minimum distance can given explicitly. J. Hansen ([9] , [10] , see also [11] ) gives the minimum distance d of such codes in the cases, provided q is "sufficient large": (a) P is an isoceles triangle with vertices (0, 0),(a, a),(0, 2a), (b) P is an isoceles triangle with vertices (0, 0),(a, 0),(0, a), (c) P is a rectangle with vertices (0, 0),(a, 0),(0, b),(a, b), (d) P is a trapazoid with vertices (0, 0), (a, 0), (0, b), (a, b + am), where m > 0.
His precise result is recalled below. 
The bounds on q are best possible. This section gives a construction which is a little more general than Hansen's construction recalled in §2, though it still falls in the framework of the general class of AG codes associated to an algebraic variety (see, for example, [13, 4, 23] ).
Definitions
Let M ∼ = Z r be a lattice in V = M ⊗ Q ∼ = Q r and let N ∼ = Z r denote its dual. Let be a fan (of rational cones, with respect to M) in V and let X = X( ) denote the toric variety associated to . Let T denote a dense torus in X.
Remark 3.1 Suppose for the moment r = 2, so we are looking at a toric surface. Let τ 1 , ..., τ s denote the edges of , ordered in a counterclockwise fashion, and let v i ∈ N denote the lattice point closest to the origin in τ i . We write v s+1 = v 1 . The angle between successive vectors v i , v i+1 must be in the range (0, π), 1 ≤ i ≤ s. In order for X to be complete, we require that contain the cones generated by each succesive pair v i , v i+1 , 1 ≤ i ≤ s. In order for X to be non-singular, we require that each successive pair
Let P = P 1 + · · · + P n be a positive 1-cycle on X, where the points P i ∈ X(F q ) are distinct. Let G be a T -invariant divisor on X which does not "meet" P , in the sense that no element of the support of P intersects any element in the support of G. We write this as
Some additional assumptions on G and P shall be made later. Let
Over C, according to [5] , §3.4, there is a polytope P G in V such that L(G) is spanned by the monomials x a (in multi-index notation), for a ∈ P G ∩ N. Over F q , the same result holds (but remember that the functions in L(G) are on the variety X/F and not on the set X(F)):
We call P G the polytope associated to the divisor G.
If q satisfies for all a = (a 1 ,..., a r ) ∈ P G ∩ N, we have |a i | < q,
for 1 ≤ i ≤ r, then we may identify the polynomial functions on the variety X/F with those on the set X(F). When useful, we will assume below that q is "sufficiently large", in the sense of (4). Let C = C(P , G, X, L, q) denote the code define by
This is the toric code associated to X, P , and G. In other words, this is an AG code associated to a toric variety.
The following property of a toric code is straightforward to verify.
Lemma 3.2 Suppose we are given a divisor G 1 of X 1 = X( 1 ) and a divisor G 2 of X 2 = X( 2 ), where both fans are associated to the same lattice N. Suppose that their respective polytopes satisfy P G 1 ⊂ P G 2 and that the respective dense tori are the same,
By (3) and (5), a toric code depends on G only via P G ∩N . Let us temporarily denote this dependence by C(P G ∩ N).
In other words, a toric code only depends on the divisor through the equivalent class of the associated polytope, where two polytopes P , P are called
Proof. The generator matrix A associated to C(P G ∩ N) has entries given by
The transposes of these matrices span the same vector space. Therefore, the dual codes of C(P G ∩ N) and C(v + P G ∩ N) are equivalent. From this, the claim follows.
The dual code of (5) is denoted
Question 3.4 Under what conditions (if any) is the map
an injection?
This question was investigated by S. Hansen in [12] and [14] for varieties, §5.3, and [10] in the case of certain toric surfaces. The answer is well-known for AG codes associated to curves (for example, see [22] ). Lemma 3.5 (J. Hansen) If X = X( ) is a non-singular toric surface and q is sufficiently large (i.e., q > q 0 ( ), for some q 0 ( ) > 1) then (7) is injective.
Proof. Though this was only proven in §2.3 in [10] for certain cases (where q 0 was explicitly determined), the technique applies more generally to yield the above result. 
for some > 0, then we say that C(P , G, X, L, q) is a tetrahedral toric code with polytope S .
The following result of Pellikaan and Wu [21] describes certain toric codes as one-point AG codes associated to a special curve.
In other words, tetrahedral toric codes with sufficiently large q are one-point AG codes associated to a curve. (7) is
We shall return to Question 3.4 in §4.
Examples
Let be a fan in a lattice L ∼ = Z r . Let τ i and v i be as above 1 ≤ i ≤ s. Let D i denote the Weil divisor
which can be regarded as the Zariski closure of an orbit of T .
We now tabulate parameters (n, k, d) for several families of examples of toric codes C(P , G), where P is the sum of all the F q -valued points in a "dense" torus T in a toric surface X. These parameters were obtained using the toric package [15] . Example 3.9 Let be the fan generated by cones whose edges are defined by
Let X be the toric variety associated to . In this example, the divisor G = 5D 3 on X/F 8 yields a toric code which has the parameters (49, 11, 28) 8 . This is a new code and beats the previous best known code (for given n, k, q) having parameters (49, 11, 27) 8 [1] .
Example 3.10 Let be the fan generated by cones whose edges are defined by
Let X be the toric variety associated to . Note v 1 , v 2 generate a cone σ 1 in the fan yet do not generate the lattice Z 2 . By the criterion on page 29 of [5] , X is singular.
In the notation of (8), the divisor G = d 1 D 1 + d 2 D 2 + d 3 D 3 is a Cartier divisor if and only if d 1 ≡ d 2 ≡ d 3 (mod 3) (this is a consequence of an exercise on page 62 of [5] ). A Cartier divisor is very ample if and only if d 1 +d 2 +d 3 > 0 (this follows from the criterion in the proof of the proposition on page 68 in [5] ). Let
Note that not all of these divisors G are Cartier. Let X be the toric variety associated to . This is singular. The divisor G = d 1 D 1 + d 2 D 2 + d 3 D 3 with d 1 = 0, d 2 = 0, d 3 = a gives case (a) of Hansen's code.
To create a smooth toric variety yielding Hansen's code, let instead be the refined fan generated by
Let X be the toric variety associated to . This is now non-singular. The divisor Let X be the toric variety associated to . This is non-singular. The divisor Let X be the toric variety associated to . This is non-singular. The divisor
gives case (c) of Hansen's code.
Example 3.14 Let be the fan generated by
Let X be the toric variety associated to . This surface is, except for small m, singular.
In the notation above, the divisor
is a Cartier divisor if and only if d 1 + d 2 ≡ 0 (mod m) (this is an exercise on page 64 of [5] ).
Let be the refined fan generated by
Let X be the toric variety associated to . This surface is non-singular. The divisor G = d 1 D 1 + d 2 D 2 + d 3 D 3 + d 4 D 4 (using D i to denote the divisor in (8) defined on X ) is very ample if and only if d 2 + d 4 ≥ 0, d 1 + d 3 ≥ md 1 (this is an exercise on page 70 of [5] ). Taking
and swapping the roles of x and y, gives the Hansen code of type (d) constructed above. Let
The toric package gives the following results: m = 3 Let X be the toric variety associated to . This is non-singular. All the divisors
is very ample if and only if d 1 + d 2 + d 3 > 0. Let
denote the polytope associated to G. If each d i > 0 and if d 3 > d 1 + d 2 then the volume of this polytope is given by
Estimates on the Parameters
For toric codes, estimates for the minimum distance d boils down to knowing how to estimate an answer to the following natural question. The answer should depend on m, q, and but not on f . In addition, an answer to this question, will help answer Question 3.4 above.
We shall now estimate the parameters n, k, d for C = C(P , G, X), both conjecturally and, with less precision, unconditionally. Assume X is a complete toric variety of dimension r. For many such varieties, the conjectured estimates below were verified by computer using the toric package.
Let G be a T -invariant Cartier divisor on X = X( ), let P G be the polytope associated to G and let M be the lattice as in [5] .
The form of these conjectures was inspired by research of S. Hansen [14] .
Conjecture 4.2
Let C = C L (P , G, X) be as in (5) . Assume
• X is a non-singular, projective toric variety of dimension r, • n is so large that there is an integer N > 1 such that
If q is "sufficiently large" then any f ∈ L(G) = H 0 (X, O(G)) has no more than n zeros in X(F q ). Consequently,
Here "sufficiently large" may depend on X, P and G but not on f . Let G be a T -invariant Cartier divisor on X = X( ) and let
be the linear function associated to G as in [5] , §3.4 (this is called a virtual support function in [3] , Definition VII.4.1). If ψ G is strictly convex and X is non-singular then G is very ample and O(G) is generated by its global sections ( [5] , §3.4, p. 70). Incidently, Demazure has shown that on a complete, non-singular toric variety a T -invariant divisor is ample if and only if it is very ample (see [5] , page 71). Conversely, if O(G) is generated by its global sections then ψ G is convex and
where P G and M are as above.
Conjecture 4.3
Let C L = C L (G, P , X) be as in (5) . Assume
• X is a non-singular, projective toric variety of dimension r, • ψ G is strictly convex,
• and
If q is "large" then any f ∈ L(G) = H 0 (X, O(G)) has no more than n = deg(P ) zeros in X(F q ). Consequently, Definition 4.5 Let T ⊂ X be the dense torus of a toric variety X as in the above conjecture. Suppose that P = p∈T (F) p and G is a sum of Weil divisors. In this case, we call C(P , G, X) a standard toric code.
First suppose that C is a tetrahedral toric code with polytope S , for some integer . By Proposition 3.7 and Theorem II.2.3 in [22] , the minimum distance of C satisfies
Here n = deg(P ) ≤ |T (F q )| = (q − 1) r . Of course, (9) is only non-trivial if q is "sufficiently large" and n is about size q r . For the result below, suppose that S 1 ⊂ P G ⊂ S 2 , for some integers 1 < 2 . In the notation of Lemma 3.2, let denote the fan associated to X, 1 denote the fan associated to the simplex S 1 , let G 1 be a divisor in X 1 = X( 1 ) for which P G 1 = S 1 , let 2 denote the fan associated to the simplex S 2 , and let G 2 be a divisor in X 2 = X( 2 ) for which P G 2 = S 2 . The codes C(P , G i , X i ) generalize the Hansen codes of type (b) in §2.
Theorem 4.6
Under the above conditions for a standard toric code, we have
puncturing at the points of F r − T (F). 4. C(P , G 2 , X 2 ) is the subcode obtained from R( 2 , r, q) (in Example 1.1) by puncturing at the points of F r − T (F). 5. The minimum distance of the toric code C(P , G i , X i ) is at least (q − a)q r−1 − r(q − 1) r−1 − 1, where a = i , i = 1, 2. 6. The minimum distance of the toric code C(P , G, X) is at least (q− 2 )q r−1 − r(q − 1) r−1 − 1 and at most (q − 1 )q r−1 .
Remark 4.7 By Lemma 3.3, we only need that some translate of P G is contained in the simplex S 2 and some translate of P G contains S 1 . Proof. Most of this follows from Lemma 3.2. Each puncture decreases the minimum distance at most by 1, so from the equation for the minimum distance of the Reed-Muller code d RM , we obtain a lower bound for the minimum distance of such the toric code C(P , G i , X i ), for i = 1, 2. Since raising the dimension of the code (while preserving the length), decreases the minimum distance, the minimum distance of C(P , G, X) is at least that of C(P , G 1 , X 1 ) and at most that of C(P , G 2 , X 2 ). Example 4.9 Fix r satisfying 1 < r < q − 1. Let C be a Hansen code of type (c) with parameters (a, b) = (r, r), let C 1 be a Hansen code of type (b) with parameter a = r, and let C 2 be a Hansen code of type (b) with parameter a = 2r. We have
We conclude with an upper bound on the minumum distance. Let M + = {m ∈ M | m i ≥ 0}. Theorem 4.10 (J. Hansen) Let C = C L (G, P , X) be a toric code as in (5) and assume q is "sufficiently large" as in (4) . Let H ⊂ P G ∩ M + be a line {(e 1 , ..., e j −1 , x, e j +1 , ..., e r ) | 0 ≤ x ≤ h}, for some integer h > 0. Then d ≤ n − h. where a i ∈ F × q are distinct. By hypothesis and (3), f ∈ L(G). This vanishes at h points, so d ≤ n − h.
Decoding Algorithm
A number of decoding algorithms are possible for toric codes C.
• Use a more general algorithm for decoding multi-dimensional cyclic codes.
We refer to J. Little's papers [17, 18] and the references cited there. • Use a more general algorithm for decoding affine variety codes [4] . This too requires Gröbner bases techniques. • Since these are subcodes of a Reed-Muller code, use a majority logic decoding algorithm when it is valid for the larger Reed-Muller code. • Since these are subcodes of a Reed-Muller code, use one of the list decoding algorithms of Pellikaan-Wu [21] .
The first two algorithms require Gröbner bases techniques, which become computationally expensive if (for example) q is large or the number of errors is large. This can be impractical for toric codes since it is can be necessary to take q to be relatively large to get good error correction capabilities. However, much of the Gröbner basis computation is "one-time work", so it might not be as costly as it seems, depending on the application. The third method does not always apply (see for example ch. 13, §7 of [19] , for the binary case), though when majority logic decoding applies and when it doesn't seems to be a complicated question. The fourth seems promising, especially if C is a tetrahedral toric code. In this case, thanks to Proposition 3.7 above, standard decoding techniques for one-point AG codes associated to curves apply (see, for, example [22, 23] ).
